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^ , 1. Introduction 

Let us recall the classical definition of a p-adic zeta function, as it was given by 
Igusa [29] . A survey of the theory of p-adic zeta functions can be found in Denef 's 
. Bourbaki report [15] . 

' In its simplest form, a p-adic zeta function is defined by the p-adic integral 

43 ■ Z„(/..s) = I f { .r)\y.r . 

where s is a complex variable, / is a polynomial over Z p in n variables, |/| is 
its p-adic norm, and \dx\ denotes the Haar measure on the compact group Z™ 
normalized to give Z™ measure 1. A priori, Z p (f, s) is only defined when 3?(s) > 0. 
However, Igusa proved, using resolution of singularities, that it has a meromorphic 
continuation to the complex plane. Moreover, it is a rational function in p~ s . The 
numerical data of an embedded resolution for / yield a complete set of candidate 
fSJ ■ poles of Z p (f, s), but, since this set depends on the chosen resolution, a lot of these 

C*~) | candidate poles will not be actual poles of Z p (f 7 s). The p-adic zeta function Z p (f, s) 

can be written as a Mellin transform of the local singular series of / (defined by 
integrating the Gelfand-Leray form dx/df on the regular fibers of /); see Qjll 1.4]. 
When / is defined over Q, Igusa's Monodromy Conjecture predicts an intrigu- 
| ing connection between the eigenvalues of the monodromy at complex points of 

/ _1 (0) C C™, and the poles of Z p (f, s), for almost all primes p, where / is consid- 
ered as a complex, respectively p-adic polynomial. Since the p-adic zeta function 
contains information about the number of solutions of the congruence f{x) = 
modulo powers of p, the monodromy conjecture establishes a fascinating bridge be- 
■ tween arithmetic properties and complex topology, much like the Weil conjectures. 

In fact, we will show in this paper that this analogy is more than just philosophical. 

In order to geometrize the situation, Denef and Loeser introduced the topological 
zeta function Z top {f, s), which is some kind of geometric abstraction of the p-adic 
zeta function. It is a rational function in the complex variable s, defined in terms 
of an embedded resolution of singularities, and to show that the definition does not 
depend on the choice of resolution, Denef and Loeser established Zt op as a formal 
limit of p-adic zeta functions. After Kontsevich introduced motivic integration 
[32] . it became clear that both the p-adic and the topological zeta function are 
avatars of a universal being, the "naive" motivic zeta function Z mot (f, s) (the more 
exact statement says that Z mot specializes to Z top , and to Z p for almost all primes 
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p). This naive motivic zeta function is defined intrinsically by means of a motivic 
integral, but it can be expressed explicitly in terms of an embedded resolution 
of singularities for the morphism /. In [23, 3.5.3], Denef and Loeser define the 
motivic nearby cycles of / as a limit of the motivic zeta function. It is an object 
in an appropriate Grothendieck ring of varieties over the complex hypersurface 
X s = / _1 (0), and the fiber over each point x E X s has the same Hodge polynomial 
as the Milnor fiber of / at x. The motivic monodromy conjecture states that each 
pole of the naive motivic zeta function induces an eigenvalue of the monodromy at 
some point of X s . In this setting, the notion of pole has to be defined with care 
[4T1 §4] , since the Grothendieck ring of varieties is not a domain [40] . 

Most research on this conjecture made a "detour" via a resolution of singularities, 
studying the geometry of the exceptional locus in order to eliminate fake candidate 
poles, and applying A'Campo's formula for the monodromy zeta function L 4J. This 
approach has yielded proofs in particular cases, and inspired nice results concerning 
the geometry of embedded resolutions, but it seems difficult to apply this technique 
to the general case. In this article, we try to establish a more direct link between 
the motivic zeta function of /, and the Milnor fibration, using Berkovich' etale 
cohomology for analytic spaces [6], and the theory of motivic integration on rigid 
spaces [34] . More precisely, we introduce the analytic Milnor fiber, a rigid variety 
over C((i)) with the "same" cohomology as the topological Milnor fiber, and whose 
points are closely related to the arc spaces used to define the motivic zeta function. 

We briefly sketch the ideas of the construction. Let / be a non-constant complex 
polynomial in n variables, and let x be a closed point of the hypersurface X s defined 
by /. Let B = B(x, e) be a small open disc around x in C™, and let D = B(Q, rj) be 
a small open disc around the origin in C. We denote D — by D*, and we denote 
by D* — > D* the universal covering space 

D* = {z e C | Im(z) > — log(?y)} — > D* : z i— > exp(iz) 

For 0<))<£Cl, the mapping 

f:Bnf-\D*)^D* 

is a locally trivial fibration, called the Milnor fibration of / at x. Its canonical 
fiber (B n f^ 1 (D*)) x D* is called the canonical topological Milnor fiber F x of 
/ at x. The group of deck transformations m(D*) acts on F x , and the canonical 
generator z i— > z+2ir of iri (D*) induces a monodromy automorphism on the singular 
cohomology spaces H l sing (F x ,C). The Milnor fibration is used as a tool to gather 
information about the topology of X s near x (see [35]). 

We can mimic this construction in the setting of formal geometry. Let k be an 
algebraically closed field of characteristic zero, and let / be a dominant morphism 
/ : X — + Specfeft], with X a smooth irreducible variety over k. Denote by X s the 
hypersurface defined by /. We put R — k[[t]], and K = k((t)). Moreover, for each 
integer d > 0, we denote by K(d) the unique extension k((yt)) of degree d over K, 
and we denote by R(d) the normalization /c[[v / £|] of R in K(d). 

Taking the formal i-adic completion of /, we obtain a formal i?-scheme X, whose 
special fiber is isomorphic to X s . The "complement" of X s in X is a smooth rigid 
variety X n over K, and is endowed with a canonical specialization map of ringed 
sites sp : X n — * X; see [HI 0.2]. 
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As we'll see in Section T9.1.21 for any integer d > 0, if (d)-valued points on X v 
correspond canonically to arcs ip '■ Speci? — > X on X, with f(ip) = t d . The 
specialization morphism sp maps tp to its origin ip(0)- In Section [9.1l we define the 
analytic Milnor fiber of / at a closed point x of X s as sp~ 1 (x), and we denote it 
by & x - It is an open rigid subspace of X n . If k = C, we prove in Section [9. 1.1 1 that 
its £-adic cohomology is isomorphic to the singular cohomology of the topological 
Milnor fiber F x , and the absolute Galois action of G(K S /K) corresponds to the 
action of the monodromy. 

We define the local singular series F(f; d) of / by integrating the Gelfand-Leray 
form associated to / on X v Xk K(d) (Definition 19.51 and 19.81 the definition of the 
motivic integral of a volume form on a smooth rigid variety is recalled in Subsection 
16. ip . The result is a function F(f; .) from N* to the localized Grothendieck ring 
Aix s - Theorem l9.9l states that the motivic zeta function coincides (modulo a factor 
L) with the Mellin transform J2d>o F U^ d)T d . 

Hence, we recover the motivic zeta function as a Weil-type zeta function of the 
"nearby fiber" X^. The corresponding cohomological interpretation in Theorem 
I9.11| generalizes a result by Denef and Loeser [331 1-1] which expresses the Lefschetz 
numbers of the monodromy transformation, in terms of the Euler characteristic of 
the jet spaces of the hypersurface defined by /. We will obtain it as a special case 
of our Theorem 15. 4\ a Lefschetz trace formula for rigid spaces, which relates the 
Euler characteristic of the motivic Serre invariant to the Galois action on the etale 
cohomology. 

Finally, we will prove in Section [7] that, for any generically smooth stft formal 
i?-scheme X^, and any gauge form u> on X v , the volume Poincare series 



is rational over Mx 3 , and we give an explicit expression. This allows us to associate 
a motivic volume to X v XkK s in Section [8l When Xoo is the completion of a 
morphism / : X — > Aj. as above, this motivic volume coincides with Denef and 
Loeser's motivic nearby cycles, as we will see in Section l£T4l 

To conclude this introduction, we give a survey of the structure of this paper. 
In Section [21 we recall some basic facts on formal schemes and rigid varieties. 
Moreover, we prove resolution of singularities for affine, flat, generically smooth 
formal k [[t]] -schemes if k has characteristic zero (Proposition 12. 5|) . In Section 
we recall the definition of the (relative) motivic Serre invariant, as introduced in 
[39], and we briefly discuss motivic Serre invariants with support. In Section [U we 
construct weak Neron models for the tame ramifications of a regular flat stft formal 
i?-scheme with strict normal crossings, where R is a complete discrete valuation 
ring with perfect residue field f Theorem 14. 5| . Our trace formula for rigid spaces is 
proved in Section [5] (Theorem 15. 4j) . In Section [6l we briefly recall the definition of 
the motivic integral of a gauge form on a smooth rigid variety. Next, we define the 
order of a gauge form uj on the generic fiber of a regular stft formal k [[t]] -scheme 
Xoo with strict normal crossings, assuming that k has characteristic zero (Definition 
16. 8[) . and we prove its main properties. We compute the volume Poincare series of 
the pair (J Ml u) in Section [7] (Theorem 17. 6p . The coefficients of this Poincare 
series are the motivic integrals of u> over the ramifications X v Xjf K(d) (Definition 
I7.2p . The explicit expression shows that the series is rational over the localized 
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Grothcndicck ring Mx 3 , and allows us to define the motivic volume of Xoo in 
Section [8] as a limit of this Poincare series (Definition 18. 3|) . 

Finally, Section [5] contains the applications to the theory of motivic zeta func- 
tions. In Subsection 19. li we define the analytic Milnor fiber of a morphism of 
algebraic varieties / : X — > A^, and we study its etale cohomology and its points, 
in comparison to the the singular cohomology of the topological Milnor fiber (if 
k = C), and the points of the arc space of X. In Subsection 19. 2\ we define the local 
singular series of /, and we give an explicit expression in terms of an embedded res- 
olution of singularities for /. In Subsection 19.31 we show that the Mellin transform 
of the local singular series coincides with the motivic zeta function of / (Theorem 
I9.10|) . To conclude, in Subsection 19. 4\ we compare the motivic volume of the rigid 
nearby fiber to Denef and Loeser's motivic nearby cycles. 

The results in this paper were announced in [37]. A survey of the philosophy 
behind the project can be found in [36j . 

2. Preliminaries 

2.1. Notation and conventions. Throughout this paper, R will be a complete 
discrete valuation ring, with quotient field K, and perfect residue field k. We denote 
the characteristic exponent of k by p. We fix a uniformizing element t in R, i.e. a 
generator of the maximal ideal. 

For any integer d > 0, prime to p, we denote by K{d) the totally ramified 
extension K[td]/((td) — i) of K, and by R(d) the normalization of R in K(d). For 
any i?-scheme X, for any formal i?-scheme X^, and for any integer d > prime to 
p, we write X(d) := X x R R(d) and X(d) oc := X^ x R R(d). 

For any field F, we will denote by F s a separable closure. We denote the nor- 
malization of R in K s by R s . The residue field k s of R s is a separable closure of k. 
We'll write K s for the completion of the valued field K s , and R s for the closure of 
R s in K s . 

Furthermore, we'll denote by K l the maximal tamely ramified extension of K 
in K s , and by i?* the normalization of R in K f . The residue field of R f is again 
equal to k s . We'll write K l for the completion of the valued field K f , and i?* for 
the closure of R l in K l . 

When <3f is a rigid space over an algebraic, tamely ramified extension K' of K 7 
we denote by *3f the base change Wx^'K*- 

A variety over a scheme S is a reduced separated 5-scheme of finite type. We 
do not require it to be irreducible. For any scheme S, we denote the underlying 
reduced scheme by S re d- For any fc-scheme S of finite type, we denote by Sm(S) 
its fc-smooth part. 

For any i?-scheme X, we denote its special fiber X Xjj k by X s . We call X 
generically smooth, if its generic fiber X x R K is a smooth _ftT-scheme. 

If T is any topological space, we write H sing (T,C) for the graded vector space 
(BiHl ing (T,C), where H z sing ( . ) denotes the i-th singular cohomology space. 

Recall the following convention: let V — (Bi^zVi be a graded vector space, with 
Vt 7^ for only a finite number of i, and Vi of finite dimension for all i. If F = ©jfj 
is a graded endomorphism of V, then the trace of F on V is defined as 

Tr(F\V) ^(-l^TrOF^) 
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Likewise, the dimension of V is the Euler characteristic 



We denote by N* the set of integers n > 0. 

2.2. Formal schemes and rigid varieties. An stft formal i?-scheme is a 
separated formal scheme, topologically of finite type over R. We denote its special 
fiber by X s , and its generic fiber (in the category of separated quasi-compact rigid 
if -varieties) by X v . We say Xoo is generically smooth, if X v is a smooth rigid 
if-variety. We denote by Sm(X ao ) the smooth part of Xoo over R. If R' is a finite 
extension of R, and ip is an element of X oa (R'), then we denote by ip(0) the image 
of the unique point of Spf R' in X s . 

For any flat R- variety X, we denote its formal t-adic completion by X. It is a 
stft flat formal i?-scheme, and X is generically smooth if X is. If R = k[[t]}, we will 
also write X for the f-adic completion of a morphism of k- varieties X — > Spec k[t], 
flat over the origin. 

As explained in [SJ 0.2] , there exists a canonical specialization morphism of ringed 
sites 



For any locally closed subscheme Z of X s , we denote by X^/Z the formal com- 
pletion of Aqo along Z. It is topologically of finite type over R if Z is open in X s , 
but not in general. Moreover, sp~ 1 (Z) is a rigid subspace of X v , and this space is 

canonically isomorphic to the generic fiber of X^jZ. We denote this rigid space 
by ]Z[, and call it the tube of Z in X^. It is quasi-compact if Z is open in X s , but 
not in general. 

2.3. Dilatations. Let Xoo be a stft flat formal i?-scheme, and let V be a closed 
subscheme of X s , defined by an ideal sheaf I on X^. We denote the formal blow-up 
of Xqo at V by Bly : X'^ — » X^ . The dilatation h : — » X^ of Xoo with center 
V, is defined in [13l §3] as the open formal subscheme of X'^ where t generates 
TOx' ■ It has the following universal property: Y^ is -R-flat, and h s : Y s — > X s 
factors through V — > A s . Moreover, for any morphism of st/t formal i?-schemes 
/i' : Zoo — * Aqo, such that is i?-flat and h' s factors through V, there exists 
a unique morphism v : Z M — > Y^ with h! = h o v. In particular, for any finite 
unramified extension R' of i?, and for any point tp in JoofJ?') with ^(O) G V, the 
unique point of X'^R') that maps to is contained in Y oa (R'). 

2.4. Normal crossings and resolution of singularities. 

Definition 2.1. Let X be a regular flat R-scheme (resp. a regular flat stft formal 
R-scheme). We say X s is a strict normal crossing divisor, if we can find, for each 
closed point x of X s , a regular system of local parameters (xq, . . . , x m ) in the local 
ring Ox,x, such that t = u Yii—o x i % with u a unit, and Mi G N. 

Let X be a regular flat i?-variety (resp. a regular flat stft formal i?-scheme) 
whose special fiber is a strict normal crossing divisor. Let E;, i 6 /, be the irre- 
ducible components of (X s ) rec i- The variety is smooth over k, for each i e I. 
We'll denote by iV, the length of the local ring of X s at the generic point of Ei, and 
we call Ni the multiplicity of Ei in X s . We write X s = J^iei N%Ei. We say that 




sp : X, 



X. 
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X s is a tame strict normal crossing divisor, if each Ni is prime to the characteristic 
exponent p of the residue field k. 

For any non-empty subset J of I, we define Ej := Di^jEi and Ej := Ej \ 
(U i( ±jEi). Moreover, we put nij := gcd{Ni \ i G J}. 

Definition 2.2. A resolution of singularities of a generically smooth flat R-variety 
X (resp. a generically smooth, flat stft formal R-scheme), is a proper birational 
morphism of flat R-varieties (resp. a morphism of flat stft formal R-schemes) 
h : X' — > X , such that h induces an isomorphism on the generic fibers, and such that 
X' is regular, with as special fiber a strict normal crossing divisor X' s ~ ^2 ieI NiEi . 
We say that the resolution h is tame if X' s is a tame strict normal crossing divisor. 

Lemma 2.3. Let A be an algebra topologically of finite type over R, and let X be 
a scheme of finite type over R. 7/971 is a maximal ideal of A, defining a point x 
of Spf A, then the local morphism A$ji — > Os P fA,x induces an isomorphism on the 
completions (w.r.t. the respective maximal ideals) 

Am = Ospf a,x 

If x is a point on the special fiber X s of X, then the local morphism Ox,x —* O x 
induces a canonical isomorphism on the completions 

Proof. The first point is shown in the proof of [16l 1.2.1]. As for the second, note 
that for any n > 0, and with X n := X x R (R/t n+1 ), 

(O x , x )/(t n+l )^0 Xn , x ^(O s>x )/(t n+l ) 

□ 

Lemma 2.4. Let A be an algebra topologically of finite type over R, and let X be 
a separated scheme of finite type over R. 

(1) Spec A is regular iff Spf A is regular. Moreover, X is regular iff X is regular. 

(2) (SpecA) s is a strict normal crossing divisor iff (Spf A) s is a strict normal 
crossing divisor. Moreover, X s is a strict normal crossing divisor iff X s is 
a strict normal crossing divisor. 

(3) Spf A is generically smooth, iff A®rK is geometrically regular over K. 
Moreover, if X is generically smooth, then X is generically smooth. 

(4) if K is perfect, any regular stft formal R-scheme is generically smooth. 

Proof. Regularity of a local Noetherian ring is equivalent to regularity of its com- 
pletion [571 17.1.5], so (1) follows from Lemma [2~3l Point (2) follows from the fact 
that, for any local Noetherian ring S, a tuple (xo, . . . , x m ) in S is a regular system 
of local parameters for S iff it is a regular system of local parameters for S. 

So let us prove (3). Smoothness of the affinoid space y := Sp (A (gSij K) over K 
is equivalent to geometric regularity of Oy :X over K for each point x of y, by [12l 
2.8]. If we denote again by x the corresponding closed point of Y :— Spec (A®rK), 
then the natural local morphism of local Noetherian rings Oy,x ™> Oy,x induces an 
isomorphism on the completions 

Oy,x — Oy,x 

by pUl 5.2.6/1,7.3.2/3,7.3.2/7]. So the statement follows from the fact that a local 
Noetherian ring is geometrically regular over K, iff its completion is (by [27J 17.1.5] 
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and the fact that, for any finite field extension K 1 /K and any local Noetherian ring 
C over K, C ®k K' = C~®^K'). 

If X is generically smooth, then so is X, since by [H 0.3.5], the generic fiber X v 
of X is an open rigid subspace of the analytification of X x# K, which is smooth 
by QH A.2.1]. 

Finally, to establish (4), it suffices to note that for any affinoid algebra B, reg- 
ularity of B implies geometric regularity of B over K . This follows from [27l 
19.6.4-5]. □ 

Proposition 2.5. If k has characteristic zero, any affine generically smooth fiat 
stft formal R-scheme Xoo = Spf A admits a resolution of singularities by means 
of formal admissible blow-ups with smooth centers. 

Proof. First, we show that the scheme X = Spec A admits a resolution of singu- 
larities h : X' — > X by means of blow-ups with smooth centers, concentrated in 
the special fiber X s . By p31 8.2], it suffices to prove that, for any n > 1, the al- 
gebra T n := R{xi, . . . , x n } of convergent power series over R satisfies the following 
properties: 

(1) Derk(T n ) is a finite projective (T n )-module, locally of rank (n + 1), 

(2) if SOT is a maximal ideal of T n , then the dimension of the localization of T n 
at 9JI equals n + 1, and the residue field T n /Wl is algebraic over k. 

Point (1) follows from the fact that Derk(T n ) = (T n ) n+1 , since a fc-derivation on T n 
is determined by the images of t and the Xi (such a derivation D is automatically 
continuous, since D(t z ) is contained in the ideal (t i_1 ) by the Leibniz rule). Point 
(2) follows from the fact that the completion of this localization is isomorphic to 
Oa",i for some closed point x on A^, by Lemma l2~3l 

By [9l 2.6.6] and Lemma [2.4i the i-adic completion of h is a resolution of sin- 
gularities h : X'qq — * Xoo by means of formal admissible blow-ups with smooth 
centers. □ 

2.5. Etale cohomology of rigid varieties. Berkovich developed an etale coho- 
mology theory for non-archimedean analytic spaces (including the rigid spaces) in 
[Sj. Throughout this paper, all cohomology will be Berkovich' etale cohomology, 
unless explicitly stated otherwise. We fix a prime £, invertible in k. We define, for 
any analytic space over the completion of some algebraic extension of K, 

H*(<3f,Z e ) = UmiT^Z/r) 

We will simply write for H*(^,Qi), and we'll denote the graded vector 

space ® i H i (&') by H{W). 

3. MOTIVIC SERRE INVARIANTS WITH SUPPORT 

3.1. The Grothendieck ring of varieties. Let Z be a variety over k. Consider 
the free Abelian group, generated by the isomorphism classes [X] of Z-varieties X. 
We take the quotient of this group w.r.t. the following relations: whenever X is 
a Z- variety, and Y is a closed subvariety of X, we impose [X] = [X \ Y] + [Y]. 
This quotient is called the Grothendieck group of varieties over Z, and is denoted 
by Ko(Varz). We denote the class [A^] of the affine line over Z by hz, or by L if 
there is no risk of confusion. 
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A constructible subset C of a Z- variety X can be written as a disjoint union 
of locally closed subsets, and defines unambiguously an element [C] of Ka(Varz)- 
When Z is a separated scheme of finite type over k, we will write Ko(Varz) instead 
of Ko(Varz Iod ). For any separated scheme X of finite type over Z, we will write 
[X] instead of [A ro d]. 

We can define a product on Ko(Varz) as follows: for any pair of Z- varieties X, 
Y, we put [X].[Y] = [X XzY]. This definition extends bilinearly to a product on 
Kq(V ar z) i and makes it into a ring, the Grothendieck ring of varieties over Z. The 
localized Grothendieck ring M.z is obtained by inverting hz in Ko(Varz)- 

A morphism of fc-varieties / : W — > Z induces base-change ring morphisms 
K (Varz) — > K (Varw) and Mz —* M-w, as well as forgetful morphisms of 
Abelian groups K (Varw) — ► A (Varz) and .Mw — > .Mz. 

If Z = Specfc, we write Ko(Vark), Mk, and L, rather than i^o(^ ar Spocfc), 

M Spec fej 

and Lspocfc. 

The Grothendieck group Ka(Varz) is a universal additive invariant for Z-varieties: 
if A is an Abelian group, and x is an invariant of Z-varieties taking values in A, such 
that, for any Z- variety X and any closed subvariety Y C X, x(X) = x{X \ Y) + 
x(y), then x factors uniquely through a group morphism x '■ Ko(Varz) — > A, de- 
fined by x([A]) =x(X). If A is a ring, and % is multiplicative, i.e. x((AxzY") ro d) = 
x(A^).x(y) for any pair of Z-varieties X, Y, then x • K^{Varz) — *• j4 is a morphism 
of rings. 

For instance, for any A:- variety X, we can consider its topological Euler charac- 
teristic xtop(X). Fix a prime £, invertible in k. Then xtop{X) is defined as 

Xto P (X) :=]T(-irdimi^(Xx fc fc s ,Q,) 

where H l c {. ,Qi) is ^-adic etale cohomology with proper support, and k s is a sep- 
arable closure of k. This is an additive invariant, hence defines a morphism of 
groups 

Xtop ■■ K (Varz) -» Z 
for any fc-variety Z. It is multiplicative for Z = Spec fc, so we get a morphism of 
rings 

Xtop : l£b(Vark) -> Z. 

3.2. Motivic Serre invariants with support. Let be a separated, quasi- 
compact smooth rigid A"- variety. A weak Neron R-model for X n is a smooth stft 
formal scheme Uoo over Spf R, whose generic fiber is an open rigid subspace of X v , 
and which has the property that the natural map Uoo(R sh ) — > X ri (K sh ) is bijective 
[TBI Definition 1.3]. By this latter property, we mean that U oc (R') — > X V (K') is 
bijective, for any finite unramificd extension K 1 of A , where R' is the normalization 
of R in A'. Observe that this map is always injective, since Uoo is separated. 

Definition 3.1. Let h : Uoo — * 6e a morphism of stft flat formal R-schemes, 
with X n smooth over A. We say that h is a Neron R-smoothening for Xoo, if it 
has the following properties: 

(1) Uoo is a weak Neron R-model for X v , 

(2) there exists a morphism X'^ — > Xoo of stft flat formal R-schemes, inducing 
an isomorphism X' v — > X n on the generic fibers, such that h factors through 
an open immersion Uoo — * A^. 
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The result in |13[ §3, Theorem 3.1] can be interpreted in our context as follows : 

Theorem 3.2. If Xoo is a generically smooth, stft flat formal R-scheme, then 
Xoo admits a Neron R-smoothening. Moreover, we can always find an admissible 
blow-up X'^ — » Xoo, such that Sm{X' oc ) — * Xoo is a Neron R-smoothening. 

In |39j . we refined the notion of motivic Serre invariant, first introduced in [34], 
as follows: 

Definition 3.3 (Motivic Serre invariant). If X^ is a generically smooth, stft flat 
formal R-scheme, the (relative) motivic Serre invariant S(X OQ ) of X^, is the class 
[U s ] in K()(Varx ! .)/{l'X !l — [Xs]), where Uoo — > X^ is any Neron R-smoothening 

of Xoo. 

We proved in [39], Theorem 6.1, that this definition does not depend on the 
choice of the Neron .R-smoothening, in the case where X rj has pure dimension. We 
proved the general case in [38], Theorem 5.9. 

If Yrya — > Xoc is a morphism of generically smooth, stft flat formal i?-schemes, 
inducing an isomorphism on the generic fibers, the forgetful morphism 

K (Var Ya )/(L Ys - [Y s ]) K (Var x .)/(hx m ~ [X.]) 

maps S(Y co ) to S(X oa ). Hence, the motivic Serre invariants computed over all stft 
flat formal i?-models of a separated, quasi-compact, smooth rigid variety X v over 
K, form a projective system. 

For any stft flat formal i?-model Xoo of X v , the Serre invariant S(X V ) defined 
in [34], is the image of S(X oc ) under the forgetful morphism 

Ko{Var X3 )/(h X3 - [X,]) - K {Var k )/(h - 1) 

It only depends on the rigid space X v , and not on the choice of the formal model 

Definition 3.4. For any locally closed subscheme V of X s , we define the motivic 
Serre invariant SVI^oo) of Xoo with support in V as the image of S(X 00 ) under 
the base change morphism 

K (Var x .)/(Lx. ~ M -» K (Var v )/(L v - [V]) 

We will think of SV(^"oo) as a measure for the number of unramified points on 
the tube ]V[. 

In general, this tube is not quasi-compact, so we cannot take its motivic Serre 
invariant in a direct way. 

Proposition 3.5. (1) If h : Uoo — > Xoo is a Neron R-smoothening, then 
M^oo) = [U s x Xs V] e K (Var v )/(L v - [V]) 

(2) IfYoo is any open formal subscheme of X^ containing V, then SV(-^oo) — 
Sv{Yoo)- In particular, if V is open in X s , then Sv(Xoo) = S{X co /V). 

(3) Suppose that V is closed in X s , and denote by ir : Y x — > X^ the dilatation 
with center V . Then Sy{X oo) is the image of S^i^oo) under the forgetful 
morphism 

K Q {Var Ya )/{^Y, - [Y s ]) -» K (Var v )/(h v - [V]) 
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Proof. Point (1) is clear. Point (2) follows from the fact that, if h : Uoo — > -^oo is a 
Neron i?-smoothcning, then h : h~ 1 (Y 00 ) — ► Kxj is one, as well. 

Finally, as for (3), let Bly ■ X'^ — » be the formal blow-up of of Xoo at 
V. The dilatation is an open formal subscheme of X' x . Take a Neron R- 
smoothening h : Uoo — ► X'^. If we denote the complement of Y s in Bly l {V) by 
E, it suffices to prove that (Uoo \ h^ 1 (E)) — > X'^ is still a Neron i?-smoothcning. 
This follows from the fact that the tube }E[ in X'^ does not contain any if'-points, 
with K' finite and unramified over K, by the universal property of the dilatation. 
Computing Sv(Xoo) on this Neron smoothening, we get 

S v (X 00 ) = [h- 1 (Y s )] = S(Y 00 ) 

in K (Var v )/(h v - [V]). □ 



4. Weak Neron models for ramifications 

Let Xoo be a regular flat stft formal i?-scheme, such that its special fiber X s is 
a strict normal crossing divisor XiEi. We fix an integer d > 0, prime to p. 

The aim of this section, is to construct a Neron i?-smoothening for the ramification 
X(d) oc := Xoo Xtffl(d). 

Choose any subset J of I, such that mj is prime to p. We can cover Ej 
by affine open formal subschemes Uoo = SpfV, such that on [Too, we can write 
< = uJJ ieJ , with m a unit. We define an etale cover U^ ~ > Uoo by U^ — 
Spf V{T} / (uT mj — 1). These covers glue together, and we obtain an etale cover 
E°j -> E°j. 

Remark. If k has characteristic zero, and Xoo is isomorphic to the formal comple- 
tion of Z Xfcrji fc[[t]], for some smooth irreducible /c-variety Z, and some dominant 
morphism Z — ► Spec k [t] , then our cover Ej / Ej coincides with the one defined in 
[211 2.3]. " □ 

We denote by X(d)oo — ► X(d)oo the normalization of X(d)oo (see [16] on normal- 
ization of formal schemes), and we denote by E(d) i the inverse image X(d) s Xx s E° 
of E° in X(d) s , for each i S Z. 

Definition 4.1. Let J be a non-empty subset of I . We say that an integer d > 1 
zs J -linear if there exists, for each j 6 J, an integer otj G N*, smc/i t/iat 

je.J 

We say that an integer d > 1 is X s -Unear if there exists a subset J C I, with \ J\ > 1 
and Ej =^ 0, swc/i t/iat d is J -linear. 

We recall two Lemmas from [39] , 

Lemma 4.2 ([39 , Lemma 5.15). Lei R' be a finite extension of R of ramification 
degree d, and consider an element if) of X 00 (R'). If J is the unique subset of I with 
ip(0) G Ej, then d is J -linear. 

Lemma 4.3 ([39], Lemma 5.17). There exists a sequence of admissible blow-ups 
7T« : Xoi +1) X ( d } , j = 0, . . . , r - 1, such that 
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(7) 

• the special fiber of Xsi, is a strict normal crossing divisor 

X U) = £ N «) E u), 

• 7T W) IS the formal blow-up with center E^ j} , for some subset of 7^0 ; 
with \J^\ > I, 

(r) 

• d is not X s -linear. 

Lemma 4.4. If d is not X s -linear, then 

Sm{X{d) s ) = [J E[d\ 

Ni\d 

Moreover, for any i £ I with Ni\d, the morphism Xld)^ — > X{Ni) oa induces an 
isomorphism 

ml = 

and the E° -variety E(Ni) i is canonically isomorphic to E° . 

Proof. Let x be a smooth point of X(d) s . Since X(d)oo is flat, this implies that 

X(d)oo — > Spf is smooth at x, and hence, there exists a section ip : Spf R' — > 

^(rf)oo, with i?' an unramified extension of Rid), and V'(O) = ^ If we denote 
by J the unique subset of 7 such that the image of x in X s belongs to Ej, then 
Lemma |4.2[ combined with the hypothesis that d is not X s -linear, implies that J 
is a singleton {i}, and Ni\d. Hence, 

Sm{X{d) s ) c □ E(d)° 

Ni\d 

Conversely, it follows from [3T] (proof of the semi-stable reduction theorem II, 
pages 198-202) that 

□ Eid)] C Sm{X[d) s ) 

Ni\d 

(their arguments in the algebraic setting carry over to formal schemes) . 

In fact, we can give an explicit description of Sm(X(d) 00 ). Choose i £ I such 
that JVf |eZ, and let x be any closed point of E°. Choose an affine open formal 
neighborhood Uoo — Spf V of x in Xoo , such that on Uoo , we can write t = ux^' , 
with u a unit. For any minimal prime ideal of V, we can write 

-u- 1 = 



in the quotient field of V /*)($, so the normalization map U(d)oo — > U(d) 00 factors 
through 

U{dU -» Y(d) := Spf T/(d){T}/((t d ) d /^r - Xl , uT Ni - 1) -» t^(d)oo 
where V(<f) := Fi8)R7i(d). We'll show that is smooth over R(d). In particular, 
y(c?) is normal, so U(d)oo — * Y{d) is an isomorphism. 
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Since Y(d) is flat over R(d), it suffices to show that the special fiber Y(d) s is 
smooth over k. Reduction modulo td yields 

Y(d) s = S V ecV[T]/{xi,uT N *-l) 

The section Xi is part of a regular system of local parameters, so the scheme 
SpecV/(xi) is regular. Since k is perfect, SpecV/(xi) is smooth over k. But Y(d) s 
is etale over Spec V/(xi), and hence smooth over k. 

Finally, the explicit description U(^2> ^ Spf V{d){T}/{{t d ) d l Ni T-x u uT N * - 1) 
shows that E(d) i does not depend on d, as long as Ni\d. In fact, the restriction of 
E(d) i over U s is given explicitly by Spec V [T}/(xi, uT Ni — 1), which is canonically 
isomorphic to the restriction of E° over U s . □ 

Theorem 4.5. Let be a regular, generically smooth, flat stft formal R-scheme, 
such that its special fiber X s is a strict normal crossing divisor NiEi. Let 

d > be an integer, prime to p, such that d is not X s -linear. Then 

SmiXidY^) -» X{d) OQ 
is an Neron R-smoothening, and 

S(X(d) 00 ) = J2&} 

Ni\d 

inK {Var Xa )/{^x, - [X.]). 

Proof. We only have to prove that Sm(X{d) 00 ) is a weak Neron model for X{d)„. 
This follows from Lemma I4T21 and Lemma WM □ 

5. A TRACE FORMULA FOR NON- ARCHIMEDEAN ANALYTIC SPACES 

The purpose of this section is to prove a Grothendieck trace formula for non- 
archimedean analytic spaces. 

We suppose that the residue field k is algebraically closed. Let <p be a topological 
generator of the tame Galois group G(K*/K). 

When W is a rigid space over an algebraic, tamely ramified extension K' of K, 
we denote by W the base change & Xk'K*. Fix a prime £, different from p. 

Lemma 5.1. Let F be a separably closed field, and let G =< g > be a finite cyclic 
group. Let Y be a normal proper F -variety, and let U be an open subscheme ofY. 
Let C be a lisse constructible Qg-sheaf on U , tamely ramified on Y — U . Suppose 
that G acts on C For any closed point x on U , 

Tr{ g I H C (U, Q) = Xto P (U)Tr( g | C x ). 

Proof. By definition, £ is a lisse constructible sheaf over some finite extension Q of 
. The tamely ramified lisse sheaf C on U with stalk C x at x is determined by a 
continuous morphism 

ip:iri(U,x)^Aut Q (£ x ). 
Giving an endomorphism / of £, amounts to giving an element p(f) of End q{C x ), 
such that p(f)^p(j) = V , (t)p(/) i f° r eacri 7 S tt\{U,x). 

Passing to a finite extension of Q, we can decompose C as ®iCi, according to 
the decomposition of L x ® Q e into generalized eigenspaces w.r.t. p(g). Hence, we 
may as well assume that p(g) has only one eigenvalue e on C x ® Q^. 
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Write the automorphism induced by p(g) on C x as e.Id + N, with N nilpotent. 
Since Tr( N | H C (U, £)) = 0, it suffices to prove that 

e. X (U, C) = Tr{e.Id \ H C (U, £)) = X (U, Q)Tr(e.Id \ C x ) = X to P {U).e.rank(£ x ). 

This follows from [30], Cor 2.7. □ 

Lemma 5.2. Let Y be a regular flat variety over R, such that Y s is a strict normal 
crossing divisor X^p/ ^iEi. If J is a subset of I, with |J| > 1, and BIej is the 
blow-up ofY at Ej, with exceptional component E' , then (Eq)° is a Zariski-locally 
trivial fibration over Ej, and its fiber is a torus Gj^' fc 1 . In particular, [(E' )°] = 
[E°}(L X3 - [Xs])^- 1 m K (Var Xs ). 

Proof. Let x be any closed point on Ej, and take a regular system of local pa- 
rameters (xq, . . . ,x m ) on Y at x, such that t — u Y\ ie J xf 1 , with u a unit, where 
we identified J with a subset of {0, ...,m}. The sequence (xi)nzj is regular in 
a neighborhood U of x. Now apply 25, IV-26], to the blow-up of U with center 
(xi)ie.j- □ 

Lemma 5.3. Let Y be a regular flat variety over R, such that Y s is a tame strict 
normal crossing divisor J^iei ^i^i- The complex of l-adic tame nearby cycles 
i?-0*(Q^) is constructible and tamely ramified on Y s , and lisse on the strata Ej. 
For any closed point y of Y s , and for any integer d > prime to p, 

Tr{tp d | R^(Q e ) y ) = N t if y S E° with N t \d, 

Tr(tp d | E^(Q^)y) = else. 

Proof. This follows from the explicit computation of the nearby cycles in [IJ 1,3.3]. 

□ 

Theorem 5.4 (Trace formula). Let X be a generically smooth flat variety over R, 
and suppose that X admits a tame resolution h : Y —* X, with Y s = ^2 ieI NiEi. 
Let Z be a proper subvariety of X s . For any integer d > 0, prime to p, we have 

Xto P (Sz(X(d))) = Tr{ V d \H{]Z[)) = Ys ^W^ 1 ^) H E°). 

Ni\d 

Proof. We may suppose that X = Y. 

By Bcrkovich' quasi-isomorphism [TJ 3.5], 

Tr{ip d \H(]Z[)) = Tr( v d \ H(Z, ty* 

By Lemma 15. 11 and Lemma 15.31 

Tr( V d \H(]Z[)) = Y,NiXto P (ZnE°), 

Ni\d 

We use Lemma [4.31 to construct a resolution Y' — > X, with Y£ = Y^ier ^l^'a 
such that d is not FJ-linear. Denote by Z' the inverse image of Z in Y£. 
By Theorem [4~5l 

Xto P {S z {X(d))) = Xto P (Z t ), 

— — o — o 

where Zi denotes the inverse image of Z' n (El)" in E[ . Since E[ is etale over 
(El)°, of degree N[, and tamely ramified, Xto P (Zi) = X[ X to V {Z' n {E[)°), for any i. 
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When E[ is an exceptional component of Y' — > Y, then xto P {Z' H (E^)") — 0, by 
Lemma [521 Hence, 

x top (5z(x(d))) = ^ JVixtopC^ n 

□ 

The conditions of Theorem 15.41 are satisfied, in particular, when fc has charac- 
teristic zero. 

Corollary 5.5. Suppose that k is an algebraically closed field of characteristic zero. 
If X%p is the analytification of a smooth, proper K -variety Xk, then 

Xto P (S(X^ n x K K(d))) = Tr(<p d \H(X K x K K s ,Q e )) 

for any integer d > . 

Proof. If X is any flat i?-model for Xk, then X^ 1 is canonically isomorphic to the 
generic fiber X. n of X, by 0.3.5]. Moreover, by [BJ 7.5.4], there is a canonical 
isomorphism 

H l (X K x K K s ,Q e ) = H l (X^) 
for each i > 0. □ 

Remark. That some tameness condition is needed in the statement of the Trace 
Formula, is already clear from the following example: let R be the ring W(Fp) of 
Witt vectors over F*, where p > is a prime. Let Xoo be the formal i?-scheme 

Spf R{x}/{x p -p). Obviously, S{X V ) = 0, while Tr{ip\H(X v x K K t )) = 1, when 
(p is a topological generator of the tame Galois group G(K t /K). 

It should be possible to replace X in the statement of the trace formula by 
an arbitrary generically smooth stft formal i?-scheme Xao which admits a tame 
resolution of singularities. Also the condition that Z is proper does not seem 
essential. In particular, we expect that 

Xto P (S(X V x K K(d))) = Tr(<p d | H(X^)) 

holds for any separated smooth quasi-compact rigid variety X^ over K , if k has 
characteristic zero (and also for any separated smooth rigid variety X v over K 
which can be realized as a tube in a stft formal i?-scheme, using the motivic Serre 
invariant with support in the left hand side). □ 



6. Order of a gauge form 

We assume R = k[[t}], with k a field of characteristic zero. Let Xoo be a regular, 
flat stft formal i?-scheme, of pure relative dimension m, such that the special fiber 
X s is a strict normal crossing divisor ^2 ie j NiEi. Let u be a gauge form on the 
generic fiber X n . The purpose of this section, is to define the order ord^Jj) of u at 
the generic point of Ei, for any i E I. 
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6.1. Motivic integral of a gauge form on a smooth rigid variety. If Xoo is 

smooth, this order was defined already in [T3l 4.3], for general R. This definition 
was used in [341 4.3.1] to give an expression for the integral of a gauge form on 
a separated, smooth, quasi-compact rigid variety over K. In [39], we refined this 
notion as follows. Let Y x be a generically smooth, flat stft formal JS-scheme, of 
pure relative dimension m, and let w be a gauge form on Y v . We take a Neron R- 
smoothening h : Z x — » Yoo, and we denote by C the set of connected components 
of Z s . Then 

M := L~ m ^2[U]L-° rdu ( h * w '> G M Ys 
uec 

depends only on the pair (Yoo, w), and not on (see [39], Lemma 6.4). The image 
of f v \lu\ under the forgetful morphism M.y — > Mk is the motivic integral f v lo 
from [34], 4.1.2]. It depends only on the pair (Y n ,oj), and not on the model Yoo- 
Finally, the image of J Y M under the projection morphism 

My, -» MyJ(h Ys - [Y s ]) iVo(Var y J/(Ly s - [y s ]) 

is exactly the motivic Serre invariant S'(Yoo) from Definition 13.31 In particular, it 
depends only on Yoo, and not on w. 

6.2. The order of a top form at a section. First, we generalize a definition 
from [34] 4.1]. Let Yoo be any flat stft formal -R-scheme, equidimensional of relative 
dimension m. Let R' be a finite extension of R, of ramification index e. 

Definition 6.1. For any element ip o/y oo (i?'), and any ideal sheaf 2 on Y^, we 
define ord(2)(i/j) as the length of the R' -module R' 

We recall that the length of the zero module is 0, and the length of R' is oo. 
For any element ip of Y OQ (R'), the i?'-module M := (0>*f2™ y fl )/(torsion) is free 
of rank 1. 

Definition 6.2. For any global section uj of CI™ , R , we define the order of to at ip 
as the length of the R' -module M / R' (ip* u>) . We denote this value by ord(uS)(ip). 

If e = 1, this definition coincides with the one given in [341, 4.1]. It only depends 
on an open formal neighbourhood of "0(0) in 5^. 

If u G fly /if 0*7)1 there exists an integer a > such that t a oj G ^y^/rOoo)) by 
the isomorphism of sheaves [T2l 1.5] 

^y v /k - ^vL/_r ®R K 
and the fact that Y^ is quasi-compact. 

Definition 6.3. If lo is a global section of fi™ j K , we take an integer a > such 
that t a oj is defined on Yoo, and we define ord(ui)(ip) as ord(t a uj)(Tp) — ea. 

This definition does not depend on the choice of a. If Y v is smooth, and w is a 
gauge form on Y v , ord(u>)(ip) is finite. 

Now let h : Z^ — » Y^ be a morphism of flat, generically smooth stft formal R- 
schemes, both equidimensional of relative dimension m. Let R' be a finite extension 
of R, and fix a section ip in Z OQ (R'). The canonical morphism 

h*O m — w O m 
n ll Y x /R ^ iL z X3 /R 



L 
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induces a morphism of free rank 1 i?'-modules 

(rh*n™ x/R )/ (torsion) -> (V/^ /i? )/(torsion) 

We define ord(Jach)(ip) as the length of its cokernel. 

If tig j R l (torsion) is a locally free rank 1 module over Oz^, we define the 
Jacobian ideal sheaf J ach of h as the annihilator of the cokernel of the morphism 

h*n^ /R - ^^/(torsion) 

and we have ord(Jach)(i^) = ord(J ach)(ip) . The following lemma generalizes [34l 
Lemma 4.1.1] : 

Lemma 6.4. Let h : Z M — > be a morphism of flat, generically smooth stft 
formal R- schemes, both equidimensional of relative dimension m. Let R' be a finite 
extension of R. For any global section uj o/fi™ j K , and any ip' £ Z^R 1 ), 

ord(h*uj)(ip) — ord(u>)(h(ip)) + ord(Jach)(ip) 

Proof. This follows immediately from the definitions. □ 

Lemma 6.5. Suppose that is a regular fiat stft formal R-scheme, and that Y s 
is a strict normal crossing divisor. Let uj be a global section of SI™ /k- We denote 

by uj(e) the pullback of uj to the generic fiber ofY(e) OQ . Let R' be a finite extension 

of R(e), and let tp(e) be a section in Sm(Y(e) oc )(R'). If we denote by tp its image 
in Y 00 (R'), then 

ord(uj)(ip) — ord(uj(e))(ip(e)) 

Proof. Consider the morphism 

h : Sm(Y(e}^) -> Y^e)*, 

Since ^™( e ) =0 /i?.(e) — ^?L,/fl ® R ^( e ); ^ suffices to show, by Lemma \6A\ that the 
natural map 

(^(e)*h*n^~- /ii(e) )/(torsion) - (^(e)*0™ (e)oo/R(e) )/(tor S ion) 

is surjective. This follows from the explicit description of the normalization in the 
proof of Lemma 3H1 □ 

6.3. The order of a top form along a component of the special fiber. 

We recall that denotes a regular, flat stft formal i?-scheme, of pure relative 
dimension m, such that the special fiber X s is a strict normal crossing divisor 
Sigj NiEi. Let uj be a gauge form on the generic fiber X n . We denote by & the 
generic point of Ei, for each i. 

Lemma 6.6. The local ring Ox^,^ of Xrx, at £j, is a discrete valuation ring. 

Proof. Locally at £j, the divisor Ei is defined by an equation x$ = 0. The quotient 
Ox^^i/ixo) is isomorphic to Oe^^, which is a field. Hence, xo generates the 
maximal ideal of 0Xoo,&> an d since this ring is a noetherian integral domain, it is 
a discrete valuation ring. □ 

Lemma 6.7. The (Ox^,^) -module Qi := (fi^ /r)^/ (torsion) is free of rank one. 



MOTIVIC SERRE INVARIANTS, RAMIFICATION, AND THE ANALYTIC MILNOR FIBER 17 



Proof. Since (Ji™ is finite over Ox^^n and Ox^,^ is a PID, the module VLi 

is free over Ox^ ■ 
By 12, 1.5], we have 

^L/fl ®R K ~ ^XJK 
and since X v is smooth, this is a rank 1 module over Ox v ■ Hence, fl; has rank 1 
over Xaa £- a 

Definition 6.8. If u £ Q r £ ^(X^), we define the order of to along Ei as the 
length of the Ox^,^ -module and we denote it by ord^o;. 

If lo S fix /k(-^v)> there exists an integer a > such that t a u> G f2^ ^(X^), 
by the isomorphism of sheaves [T21 1.5] 

n x„/x - ^x^/r^rK 

and the fact that Xoa is quasi-compact. We define the order of lo along Ei as 

ordE^ '■= ordEi(t a uj) — aNi 

This definition does not depend on a. If Xoo is smooth, it coincides with the one 
in (131 4.3]. It follows from Lemma 16.61 and Lemma |6 . 71 that ord^w is finite if lo is 
a gauge form on X v . 

Lemma 6.9. Let Yx, be a generically smooth stft formal R-scheme, endowed with 
an Stale morphism of stft formal R-schemes h : Yx — > X^, such that the image of 
h contains the point For any lo € fl^ ^(X^), and for any connected component 
C of h (Ei), we have 

ordEiLO = ordch*co. 

Proof. Denote by £' the generic point of C. Since h is etale, the local morphism h* : 
®Xao,(ii ~ * Oyoo,? is a flat, unramified monomorphism, so we have isomorphisms of 
Oy^ ^'-modules 

(SU := (n^/^fo/Ctorsion)) ®o Xoa , u Yoo , e - Q' := (^ /R ) e / (torsion) 

Now the result follows from the following algebraic property: if p : A — > ^4' is a flat, 
unramified morphism of discrete valuation rings, if M is a free A-module of rank 
1, and m is an element of M, then the length of the A-module M/(Am) equals 
the length of the ^'-module (M ® A')/(A'm). Indeed: fixing an isomorphism of 
^-modules A = M, the length of Aj (Am) is equal to the valuation of mini. □ 

We'll need the following technical lemma. 

Lemma 6.10. Let x be a closed point of a generically smooth, flat, stft formal 
R-scheme Yx of pure relative dimension m, and let lo be a global section of fly /r 
which induces a gauge form on Y v . Let ^ be a prime ideal of the completed local 
ring Oy^,x with t ^ ?p. If we denote by 0<p the localization of Oy x ,x at ^P, and if 
we put 

h v := ((n^ /R ) x ® Op)/ (torsion) 

then lo ^ Cp£l<p . 
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Proof. We'll denote Yoo ,x by O. Note that 

(«?„/*)■ ® 6 = ft™ f d/R (s P { 6) = n% /R 

Consider the tube ]x[ of x in X^; it is an open rigid subspace of Y v , and coincides 
with the generic fiber of X^/x = Spf O. 

We put C = (5 ®i? K and ft™ = ft m /fl ® R K. By [17, 7.1.9], maximal ideals 

M of Co are in canonical bijective correspondence with the points z of ]x[, and the 
completions of the respective local rings are isomorphic. Moreover, by [17l 7.1.12], 

(«]£[/*), ®°M.« - °" ®C (Cohl 

Since ]x[ is smooth and a; is a gauge form, this implies that ft™ is a free Co-module, 
and u is a generator. 

Since does not contain t, Q = tyCo is a prime ideal of Co- Consider the flat 
ring morphism i : 0<$ — > (Co)q and the map of 0<p-modules 

® <5v fi o" ® (Co)q 
Since ft™ is free, and i is flat, this map factors though 

% -> ft™ ® (C )q 

If w € ^Jfttp, then its image is contained in 0(ft™ ® (Co)q), which contradicts the 
fact that w is a gauge form on F,. □ 

For each i £ I, we denote by T Ei the defining ideal sheaf of E{ in Xqo. For any 
finite extension R 1 of R and any ^ € X OG (R'), we denote ord(lEi)(4>) by ordE^) 
(see Definition 16. ip . If i?' has ramification degree e over i?, and the closed point 
ip(0) of the section ip is contained in E°, then the equality t = x i i * (unit) in 
Cxoe^fo) implies that ord Ei {ip) = e/A/j. 

Lemma 6.11. fia; a non-empty subset J of I, and an integer e > 0. Let R' be a 

finite extension of R, of ramification index e, and let ip be an element of X 00 (R'), 
such that its closed point tp(0) lies on Ej. For any gauge form to on X v , 

ord(iv)(if)) = ords 4 (V')( or ^Ei w — 1) + max-JordE^VO} 
ie.J 

Proof. We may assume that u) £ ft™^ ^(X^). For notational reasons, we identify 
J with a subset {0, . . .,p} of {0, . . . , to}. We denote by £j the generic point of 
Ej, for j £ J, and by £ the generic point of Ej. We denote by t' a uniformizing 
parameter for R', with (t') e = t. 

By Lemma 16.91 and Lemma 16.41 we can pass to an etale cover and we may 
assume that we can find a regular system of local parameters (xq, . . . , x m ) on X^ 
at x := V'(O), such that t = Yl ieJ xf l . 

We can write w as 



hi(dxQ A ... A dxi A ... A dx m ), 

with /i, <E Xoa ,x- 



i=0 
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Fix j G J. The equality t — Yiiej^* implies that, for any i € J, 

-—- . . _/VjX ■ - 

dx Q A ... A dxi A ... A dx m = (— ]V~* — —dx A ... A dxt A ... A dx m 

NjXi 

in (fi™ /(torsion), so this module is generated by 

dxo A ... A dxj A ... A <ix m , 

and ordEjU equals the order of ^2 ie j(—l) l hi in the discrete valuation ring 
Ox^,^- Multiplying with the unit Yiiej\{j} x i> we see that ordg^o; equals the 
order of 

(-l)%Ni Y[ x e 

l£J\{i} 

in the discrete valuation ring Ox x ,£j , which is the same as the order ord Xj a of a 
w.r.t. Xj in the unique factorization domain Ox^^x (i- e - the largest integer N such 
that (xj) N divides a). 

A similar computation shows that 

where we chose j € J such that ordt< ip* (xj ) is the maximum of {ordt'ip* (xj ) | i € J}. 
Hence, it suffices to show that 

ord t >ip*a — ord Xi a . ord t >ip*(xi) 

However, since u> is gauge on X n , a is the product of a unit and a monomial in 
{xi)nzj. Indeed: let be a prime ideal in the completed local ring Ox^^x which 
does not contain i, and suppose that a £ Denote by Oys the localization of 
Ox^,x at <p, and put 

^ : = ® V )/(torsion) 

Since all the Xj , i € J are units in the local ring Otp , we see by the same computation 
as above that a divides to in f2qj, and hence to € ^P^«p, which is impossible by 
Lemma 16.101 So we may conclude that the only prime divisors of a in the unique 
factorization domain Ox^.x a rc the prime divisors of t, i.e. the elements Xj, modulo 
multiplication with a unit. 

The lemma now follows from the fact that ordt'ip*Xi — ordE i (V') for each i G 
J. □ 

Proposition 6.12. Let Xoo be a regular, flat stft formal R-scheme, such that the 
special fiber X s is a strict normal crossing divisor ^2 ie j NiEi. Let lo be a gauge 
form on the generic fiber X n . Take a subset J of L, with \J\ > 1, and Ej =/= 0. 
Let h : X'^ — » X^ be the formal blow-up with center Ej, and denote by E' its 
exceptional component. We have 



ordE' Q u = J]] ordEi 



ie.J 



20 



JOHANNES NICAISE AND JULIEN SEBAG 



Proof. Put e = Ni. We can find a finite unramified extension B! of R(e), and 

a section ip' in X' oc (R'), such that the closed point of ijj' lies on (E' )°. Denote by 
ip the image of ip' in X 00 (R'). Note that ord_E i ( , 0) = 1 for each i 6 J, since these 
orders are strictly positive, and orc ^Ei (ip)Ni equals e. Applying Lemma 16.111 

to the section ?/>', we get 

ord(u))(ip') = ordgiu) 
Applying Lemma 16.111 to the section ip, we get 

ord(u>)(ip) — ordEiUi — | J| + 1 

At the generic point of _E n , the module f2^?, ^/(torsion) is free of rank 1, and 
the Jacobian ideal sheaf of h is the defining ideal sheaf of (|J| — 1)E' , so we may 
conclude by Lemma T6. 41 □ 

Proposition 6.13. Let X^ be a regular, flat st ft formal R- scheme, of pure relative 
dimension m, such that the special fiber X s is a strict normal crossing divisor 
^2 ieI NiEi. Let oj be a gauge form on the generic fiber X n . Fix an integer e > 0. 

Denote by t-u(e) the pullback of uj to the generic fiber of A(e)oo. For each i £ I, 

- — - o 

with Ni\e, and each connected component C of E{e) i , we have 

ordc{uj(e)) = (e/N^.ordEi w 

Proof. Fix i 6 J, with | e. Since Aoo(e) is smooth along C, by Lemma |4~41 we can 

find an unramified finite extension R' of i?(e), and a section "0(e) in (A oc (e))(i? / ) 
such that its closed point lies on C. We denote by ip the image of ?/>(e) in X oa (R / ). 
By Lemma 16.111 

ord{bj){ijj) — (e/Ni)ordEiU) and ord(oj(e))(ip(e)) = ordc(u>(e)) 
Now we can apply Lemma 16.51 □ 

7. Computation of the volume Poincare series 

Throughout this section, we put R = k[[t\], with k a field of characteristic zero. 
Let be a generically smooth stft formal scheme over i?, with generic fiber X v . 
Let u be a gauge form on X v . For any integer d > 0, we'll denote by u>(d) the 
pullback of uj to X{d) rj . 

Definition 7.1. For any integer d > 0, and any locally closed subset Z of X s , we 
put 

FiX^^d) := / \oj(d)\ € M Xs 

and we define Fz{X oa ,uj;d) as the image of F(X ao , w; d) under the base change 
morphism M.x, M-z- This defines functions 

Fpfocw) : N* -» M Xs and F z {X 00 ,oj) : N* — > Mz 

which we call the local singular series (resp. local singular series with support in 
Z) associated to the pair 

Using terminology from pj2 4.4], we define the volume Poincare series as a Mellin 
transform of the local singular series. 
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Definition 7.2 (Volume Poincare series). The volume Poincare series S(X 00 , u>; T) 
of the pair (Xoo,w) is the generating series 

SiX^u- T) = J2 FiX^u- d)T d e M Xs [[T]] 
Its image in A4k[[T}] only depends on the pair (X v ,u>), and is given by 
S(X v ,u;;T) = J2([ Hd)\)T d 

d>0 ■ Jx ( d )i 

For any locally closed subset Z of X s , the volume Poincare series Sz(Xoo,w,T) 
with support in Z is defined as the image of S(X 007 uj;T) under the base change 
morphism 

M Xs [[T]]^Mz[[T]] 

Definition 7.3 (Serre Poincare series). The Serre Poincare series S(X oc ;T) of 
Xoo is the generating series 

SiX^T) =Y,S(X(d) 00 )T d e K Q (Varx,)/(L x , - [X„})[[T\]. 

d>0 

Its image in Ko(Vark)/(L — only depends on X v , and is given by 

S(X n ;T) = Y / S(X(d) v )T d . 

d>0 

For any locally closed subscheme Z of X s , the Serre Poincare series with support 
in Z is given by 

SziX^T) =Y / Sz(X(d) oc )T d e K (Var z )/(h z - [Z])[[T]}. 

The series S(X 00 ,lj;T) specializes to the Serre Poincare series S(X oa ;T) under 
the morphism 

M Xs -> MxJ(^x 3 - [X s ]) = K (Var Xs )/(h Xs - [X s ]) 

Likewise, ^/(XocW; T) specializes to SziX^T) 

If Xoo is a regular, flat stft formal i?-scheme, such that X s has strict normal 
crossings, and w is a gauge form on X v , we can give an explicit expression for the 
volume Poincare series S(X oc ,uj;T). First, we need some technical lemmas. 

Lemma 7.4. Let F be any field, and consider a torus 

G rn,F : = SpeC-F^l,^ 1 , . . . ,X r ,X~ X ] 

Take u £ F* , and integers a,b\, . . . ,b r with a > and gcd(a, b\, . . . , b r ) = 1. Then 
the etale cover 

r 

T := SpecF[xi, x^\ ...,x r , a;" 1 ] [«]/(«" - u JJ x b /) 
is isomorphic to F over F. 

Proof. By Bezout, there exist integers a, [3\, . . . , f3 r with a. a + Y^j=i fij-bj = 1- We 
can write T as 

r 

T = SpccF[x l7 x^\ . . .,x r ,x- 1 ][z]/{{u- a z) a - Wiu^xjp) 

3 = 1 
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and hence, we may as well assume that u — 1. In this case, writing 
F[x u x-\ . . . ,x r ,x- 1 ][z]/{z a - n; =1 x"/) 
= F[z,z ^,xi,Xi , . . . , x ri x r 1 ]/(1 — z a Y\j = \ x j) 
we see that T is isomorphic to the torus SpecF[L], where L is the lattice 

r 

Z r+1 /(-a.e + ^6 J .e J ) ^ Z r 

(e , . . . , e r denotes the standard basis of Z r+1 ). Note that L is torsion-free because 
gcd(a, bi, ... , 6 r ) = 1. □ 

Lemma 7.5. Lef X^ be a regular stft formal scheme over R, such that its 
special fiber X s = NiEi is a strict normal crossing divisor. Let J be a 

nonempty subset of I = {l,...,q}, with \ J\ > 1, and let irx ■ X'^ — > &e 
i/ie formal blow-up with center Ej. Denote its exceptional divisor by E' , and 
the strict transform of Ei by E[, for i € I. For each subset K of I , the stra- 
tum {E')°K[j{o} * s a Zariski piecewisely trivial fibration over E° JuK , and its fiber 
is a torus of dimension \ J \ K\ — 1 (where we give the empty set dimension —1). 
This fibration is compatible with the structural morphisms to X s . In particular, 
[TOu{0}] = - ra IA * l_1 [£W] K (Var Xs ). 

Proof. Fix a subset K of /. Covering E° JuK C Xoo by opens U in Xoo, we may 
assume that 

t=u n 

jeJuK 

with it a unit, and with Xj defining Ej. We put 



G : — (-^ )°KU{0} X E°,uk E JUK 
J{0} 



This means that G is the etale cover of (E')° Ku r -, obtained by taking a mjux-th 



root of n x (u) 1 ; we write this as 

G=(Ey K{J{0} [w]/{* x {u)w m ^ -1) 

We may assume that 1 £ J\K. We abbreviate J \ {1} to J~. Putting a^- = £j 
for j € (iC U {1}) \ J - , and x'j = Xj/xi, for j G J~, we can write 

t=7Ti(«)(«i) w ° n w ni 

jeJ-uK 

on \ E[, with iV = J2ieJ ^i- The locally closed subset (£')xu{o} ^ s defined 
by ^ = for j e K U {1}, and ^ ^ for j £ J~ \ K. 
We have an etale (_E')^- U | |-morphism 

> G = TOu { o}M/(^(«)™ mju * - 1), 

defined by 

jeJ~\K 
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We see it is induced by the isomorphism 

(E')° Ku{0} = G[z]/(z mKU{ol/mju/f -w Y[ {?J.)-l*i/™Jux) 

je.J-\K 

We claim that the fiber E x of {E')° Ku r -> over any point x of Ej UK is isomorphic 

to G^Jir 1 . This concludes the proof, by [42], Theorem 4.2.3. 

So let us prove our claim. Denote by G x the fiber of G over x. The regular 
function w is constant along G x , with value w(x) £ k(x) x . By [25l IV-26], the 
restrictions of the functions x 1 ., j G J~ \ K, to G X1 induce an isomorphism G x = 
Specfc(cc)[a;j-, (a^) -1 ]jeJ-\A (if ^ i s an i?-algebra topologically of finite type, the 
formal blow-up of Spf A at a regular center (xj)j^j contained in the special fiber, is 
the formal completion of the blow-up of Spec A at the center (xj)j^j] in particular, 
the special fibers are the same; so [25l IV-26] carries over to the formal case). 

The fiber E x is isomorphic to 

G x [z]/(z mK ^°i /m ^ K -w(x) ]J (x' j r Nl/mjuK ) 

jeJ-\K 

We can conclude by Lemma 17.41 and the fact that 

gcd(m KV{0} , Nj) jeJ -\ K = rnjuK 

□ 

Theorem 7.6. Let be a regular flat st ft formal scheme over R, of pure relative 
dimension m, such that X s — 5^ ie j NiEi is a strict normal crossing divisor. Let lu 
be a gauge form on X v . 

If we denote by \ii the order ordE^ of io along Ei, then, for any integer d > 0, 

F(X 00 ,u;d)=h- m (^-iy Jhl [Ej]( ^-^ kttM ) ™M Xs 

In particular, 

S(X(d)oo) = m K {Var Xs )/(hx 3 - [X s ]) 

ieI,Ni\d 

Proof. First, suppose that d is not X s -lincar. By Theorem 14.51 Sm(X(d) 00 ) — > 
X(d)oo is a Neron smoothening. By Lemma [6.131 for each i E I with Ni\d, the 

order of uj(d) along any component of E{d) i equals d/ij/iVj. 
By [33], Prop. 4.3.1 and [35], Lemma 6.4, we see that 

fpfoo.wjd) = L- m ^[£J?]lL- dw ' w< 

provided that d is not X s -linear. 

We use Lemma [7.51 to show that the expression (*) does not change under the 
formal blow-up ft, of a stratum Ej. Denote the exceptional divisor of h by E' , and 
the strict transform of Ei by E[, for i 6 I. 
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Observe that the multiplicity A*o of E' in X' s equals J^jej^j, and that, by 
Lemma 16.121 fiQ :— ord^io = X^ej f^j- F° r an y non-empty subset L of /, contain- 
ing J, and any vector k = (fcj) in denote by M(k) the set of indices j € J 
such that fcj = m(fc) := min{fci | i 6 J}. We get, for each subset L oi I containing 
J, 

(L-1)W- 1 [E£]( £ L- 

fc t >i,ieL 

= e (L-i) |ihl [^£]( E L-^ fc *) 

L\JCKCL k = (k i )£(fl*) L ,M(k) = L\K 

= E (L-^'^'K^W 

L\JCifCL 

( l^- m ( k )(T,ie.J Vi)-T,i£j{ k i~ m ( k ))Hi-I2i e L\J k iVi 

fc=(fc i )e(N*)- L 
M(k)=L\K, -y(k) 

where condition j(k) means 

m(k)(J2N t ) + J2(kt-m{k))N l + E hN { = d. 

ieJ ieJ i£L\J 

We can rewrite this last expression as 

£ (L — 1)' K '[(-B')?fu{0}]( E L-^ fc ><). 

KcL,JuK=L k' = (k' z )e(«*) KU{oi 

J2 ( k' i N i =d 

By Lemma 14.31 we can find, for each d > 0, a composition of blow-ups 7r^^ : 
-> X { ol\ j = 0, . . . , r - 1, such that 



(0) 

DO 

the special fiber of Xoo is a strict normal crossing divisor 



! sj(j') 

1=1 



x«) = e^4 



• ifd) i s a blow-up with center Eju) , for some non-empty subset of 
{1, . . . , kj}, 

• d is not Xs -linear. 

Since the expression (*) does not change under any of the 7i"W, it is valid for all 
d. □ 

Corollary 7.7. Let X^ be a generically smooth stft formal R-scheme, of pure 
relative dimension m. Suppose that X^ admits a resolution X'^ — > X^, with 
special fiber X' s = J2iei NiEi. Let u be a gauge form on X v . 

The volume Poincare series S(X OCl u!;T) is rational over M.x 3 - Ln fact, if we 
put fj,i :— ordE^, then the series is given explicitly by 

S(X oc ,u J -T)=h- m E (L - l) 1 ' 7 '- 1 ^] II i _ l-^t^ in M ** 
0#jc/ ie.J 
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In particular. 



5(X 00 ;T) = ^^?] I -^- e (K Q (Var Xs )/(h Xs -[X s ]))[[T}} 



iei 



Proof. We may assume that X'^ — X^. By Theorem 17.61 



S(Xoc,u;T) = 



E E 

d>O0#,/C/ 



(l-i)| j i- x [^]( X! 



■ J2i k i^i 



JLT m ^ ( (L- 1) |J|_1 [^]JJ ^ L- feiW T feiJV M 

0^JC/ V ie.Jki>0 / 

L-» l ^ ( (L _l)l-/|-i^o]JJ_ 



a 



By Proposition 12. 5i any affine generically smooth flat stft formal i?-scheme 
admits a resolution of singularities. By the additivity of the motivic integral, we 
obtain an expression for the volume Poincare series in terms of a finite atlas of local 
resolutions. In particular, we obtain the following result. 

Corollary 7.8. Let Xoo be a generically smooth stft formal R-scheme, of pure 
relative dimension m. Let to be a gauge form on X n . The volume Poincare series 
S(X oc ,lo;T) is rational over Mx s - More precisely, there exists a finite subset S of 
Z x N* such that S(X 00 ,w;T) belongs to the subring 



M 



x. 



1 - h a T b 



(o,6)es 



ofMxAin 



8. The motivic volume 



Suppose that R = k[[t]], with k a field of characteristic zero. 

Let Xoo be a generically smooth, flat stft formal i?-scheme, of pure relative 
dimension m, and let w be a gauge form on X n . It is not possible to associate a 
motivic Serre invariant to Xoo xR s in a direct way, since the normalization R s of 
R in K s is not a discrete valuation ring. We will define a motivic object by taking 
a limit of Serre invariants of finite ramifications of X^,, instead. 

Definition 8.1 (|28J, (2.8)). There is a unique Mx a -linear morphism 

h a T b 



lim : M 



1 - h a T b 



M 



(a,fc)GZxf 



mapping 



n 

(a,fc)G/ 



L a T 6 



1 - L a T b 



to {— l)' 7 = (— l)' 1 ' [X s ], for each finite subset I of Z x N*. We call the image of 
an element its limit for T — > oo. 
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To see that this morphism is well-defined, note that the image of an element is 
given by the constant term of its Taylor development in T _1 . 

Proposition 8.2. The limit of —S(X 00 ,U};T) forT — > oo is well-defined, and does 
not depend on the choice ofu). If X^ — > is any resolution of singularities, with 
X' s = Y]jcj NiEi, then this limit is given explicitly by 

L" m Yl (l-L) |Jhl ^°/] 

in Aix 3 ■ 

Proof. This follows immediately from the computation in Corollary 17.71 and the 
remark preceding Corollarv l7.8l □ 

Definition 8.3. The motivic volume 

S(X 00 ;Ki)eM Xs 

is by definition the limit of ~S(X OC] , uj; T) for T — > oo, where u) is any gauge form 
on X^. 

When V is a locally closed subset of X s , we define the motivic volume 5V(^oo; K s ) 
with support in V as the image of S{X oa ; K s ) under the base change morphism 

M Xs -> M v 
Finally, we define the motivic volume 

S(X V ;K S ) e M k 

as the image of S{X 00 ;K S ) under the forgetful morphism Mx 3 — * Mk- It only 
depends on X v , and not on 

Remark. For these definitions, it is not necessary that X v admits a global gauge 
form. By additivity of the motivic integral w.r.t. open covers of Xoo, we can use 
a system of local gauge forms on X v , whose domains cover X n . Since the limit 
of — S(X 00 , lu; T) for T — * oo does not depend on u, these local gauge forms do 
not have to coincide on the intersections of their domains. See also [35] > Remark 
6.5. ' □ 

Ayoub constructs in [5] a triangulated category of motives for rigid varieties X v 
over k((t)), and he shows that this category is equivalent to a certain subcategory 
of the stable homotopy-category of schemes over the torus G m ,k- Pull-back via the 
unit section of G m) fc yields a motive over fc, and this construction can be used to 
describe Ayoub's motivic nearby cycle functor. It seems very plausible that Ayoub's 
motive for X n coincides with our motivic volume S{X ri ; K s ) in an appropriate 
Grothendieck ring of motives. Moreover, any reasonably defined additive invariant 
of X v (e.g. its Hodge polynomial) should be computable on S(X V ;K S ). 

A priori, SiX^; K s ) depends not only on XoqXrR 8 , but also on Xoo. The follow- 
ing Proposition shows that, for any proper subscheme Z of X Sl XtopiSziXoo] K s )) 
depends only on the ^-analytic space )Z[, and not on the embedding of this space 
in Xoo x rR s , if we assume that X^ is algcbrizablc. 

Proposition 8.4. Suppose k is algebraically closed. Let X be a generically smooth 
flat R-variety. Let Z be a proper subvariety of the special fiber X s . Then 

Xto P (Sz(X;K°))=X6t(W[), 
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where Xet is the Euler characteristic associated to Berkovich' etale i-adic cohomol- 
ogy for non-archimedean analytic spaces. 

Proof. Let ip be a topological generator of the absolute Galois group G(K S /K). By 
definition, 

Xto P {S z {X-K s )) =~ lim Xto P (S z (X;T)) 

1 — yoo 

Hence, by our Trace Formula in Theorem 15 .41 

Xto P (Sz(X; K')) = - lim £ Tr(cp n \ H(]Z[) )T n 



T- 

n>0 



Recall the identity [HI 1.5.3] 



^2 Tr{F 7 \V)T n = T^-logidetil-TF^y 1 ) 



n>0 



dT 

TMdet(l-TF,V)) 



det(l - TF, V) 

for any endomorphism F on a finite dimensional vector space V . Taking limits 
yields 

lim J2Tr(F n ,V)T n = dim(V). 



T- „ 

n>0 



Applying this to F = ip and V ~ H(]Z[) yields 

Xto P (Sz(X,K s ))= X it(Wl)- 

□ 



9. Applications to motivic zeta functions and the Milnor fibration 

9.1. The analytic Milnor fiber. Let Xao be a flat stft formal i?-scheme. For 
any closed point x on the special fiber X Sl the tube ]x[ of x in X^ is an open rigid 
subspace of X v . We will call it the analytic Milnor fiber of Xao at x, and denote 
it by £P X . As a K -rigid space, it is canonically isomorphic to the generic fiber of 

the completion X^jx of Xoo along x (see [8, 0.2.7]). If R = k[[i\), and X^, is the 
i-adic completion a morphism of k- varieties / : Z — > Spec/c[t], we will also call JP X 
the analytic Milnor fiber of / at x. 

9.1.1. Cohomology of the analytic Milnor fiber. The following proposition shows 
that ^ x has the "right" etale cohomology. 

Lemma 9.1. Suppose that k is algebraically closed. Let X be a flat R-variety, and 
let T x be the analytic Milnor fiber of X at a closed point x of X s . Let F be a 
constructible etale torsion sheaf on the generic fiber X Xr K of the R-scheme X, 
with torsion orders prime to p. Let F be the induced sheaf on the analytic space 
X^XkK 1 - The etale cohomology space H q (^ r x xK t , F) is canonically isomorphic to 
the q-th cohomology space R q ipl l (F) x of the stalk at x of the complex of tame nearby 
cycles RiplfiF) of X/R, and this isomorphism is compatible with the geometric 
monodromy action of G(K t /K). 



Proof. This follows from the comparison result in 7, 3.5]. 



□ 
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Theorem 9.2. Let X be a smooth, irreducible C-variety, and consider a dominant 
morphism f : X — > Aj. = SpecC[i]. Let x be a point of the hypersurface X s defined 
by f , denote by F x the canonical topological Milnor fiber of f at x, and by M the 
monodromy automorphism on the singular cohomology H S i ng (F x , C) El- 
Lei & x be the analytic Milnor fiber of f at x, and let tp be the canonical topological 
generator of G(C((t)) s /C((i)) ) = Z(1)(C). Fix an embedding of Qi in C. There 
are canonical isomorphisms 

Hl mg {F x X)=H\& x *Cm*Md®^ C 
compatible with the action of M and tp. 

Proof. By Lemma l^TTl we have, for each integer n > 0, canonical G(C((t)) s /C((i)) )- 
equivariant isomorphisms 

By [21 XIV], there exist canonical isomorphisms 

R% (Z/l n ) x s R^iZ/f 1 )* 
where Rip® n is the complex of analytic vanishing cycles, and these isomorphisms 

are compatible with the action of G(C((t)) s /C((t)) ) = Z(1)(C) and 7Ti(G m) c) = Z. 
Finally, there are canonical isomorphisms 

R^ n (z/n* = Hi mg (F x ,z/n 

respecting the action of ni(G m ,c) (see e.g. [55], (8.11.7)). Taking projective limits 
over n yields 

H l (^ x xC(it~j) s ,Z e ) := l^H\^ x xC((t)) s ,Z/£ n ) 
= \imH l smg (F x ,Z/£ n ) 

= H ling{ F x,Z t ) 

Tensoring with C yields the required result. □ 

As a corollary, we recover some classical results concernig the cohomology of the 
Milnor fiber. Let X be a smooth irreducible variety over C, and let / : X — > Aj. = 
SpecC[t] be a dominant morphism. Let a; be a complex point of the hypersurface 
X s defined by /. Let h : X' — > X be an embedded resolution of singularities for 
/, with (/ o h) = X^ie/ NiEi. Let F x be the topological Milnor fiber at x, let M 
be the monodromy transformation on the singular cohomology H S i ng (F x , C) , and 
denote by Cx(T) the monodromy zeta function at x (i.e. the alternating product of 
the characteristic polynomials of M). 

Corollary 9.3 ( 3 ). If x is a singular point of f, then Tr(M \ H S i ng (F x , C)) = 0. 
Else, Tr(M\H slng (F x , C)) = l. 

Proof. If Y is any regular, flat R- variety, then Sm{Y) — > Y is a Neron i?-smoothening, 
by [HI §3, Prop 2]. Hence, S X (X) = if x is a singular point of /, and S X (X) = 1 
else. Now our trace formula in Theorem 15.41 yields the result. □ 



We recalled the definitions in the introduction. 
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Corollary 9.4 (A'Campo's formula [4]). 

Tr(M d | H sing (F x ,C)) = N ^to P (E° n h'^x)), 

Ni\d 

Cx(T) = T[(T Ni - i)-x t o P (B°n/ l - 1 ( l; ))_ 

i 

Proof. The second formula follows from the first via the identity (JXJ) in Section [5] 

By Theorem l5.4[ the expressions are valid if we replace F x by & x x C((i)) s , where 
,^ x is the analytic Milnor fiber & x at x, and if we replace singular cohomology by 
Berkovich' etale cohomology for analytic spaces. 

The expression now follows from the comparison result in Theorem 19.21 □ 

9.1.2. Points of the analytic Milnor fiber. We suppose that R — k[[t]\, with k an 
algebraically closed field of characteristic zero. Let X be any variety over k, and 
consider a fc-morphism / : X — > Specfc[f], flat over the origin. Denote by X the 
i-adic completion of /. We can describe the points of the generic fiber X v , and the 
specialization map sp : \X V \ — > \X\ = \X S \ on the level of the underlying sets. 

We denote by C(X) the arc scheme of X, as defined in [22l p.l]. It is a scheme 
over k, of infinite type in general, and for any field k' containing k, 

C{X){k') = Hom k (Speck'[[u}],X) 

Reduction modulo u yields a projection morphism of fc-schemes ttq ■ — > X. 
For any integer d > 0, we denote by X(d) the closed subscheme of C(X) defined 

by 

X{d) = {V £ C(X) I /(V) = u d } 
We will construct a canonical bijection 

<p:Xr,(K(d))->X(d)(k) 

such that the square 

X v (K(d)) — X(d)(k) 
X s (k) —=—> X s (k) 

commutes. 

The specialization morphism of ringed sites sp : X n — > X induces a bijection 
X v (K(d)) — > X(R(d)), and the morphism sp : X n (K(d)) — > X s (fc) maps a point of 
X^-K^d)) to the reduction modulo ^ of the corresponding point of X(R(d)). 

By Grothcndicck's Existence Theorem [26j 5.4.1], the completion functor induces 
a bijection (X x fe [t] R)(R(d)) — > A reparametrization t i— > ^ yields a 

bijection (A x fc[t] R){R{d)) -> #(d)(fc). 

Hence, for any closed point x of AT S , the set JP x (K(d)) corresponds bijectively 
to the fiber of 7To : X(d)(k) — » X s (fc) over sc. In other words, a JT(<i)-pomt of is 
nothing but an arc tp £ Hom,k(Spec k[[u]], X) with f(ip(u)) = u d and ip(0) = x. 

The Galois group G(K(d)/K) = ^d(fc) acts on X^(if(d)) as follows: if tp is an 
element of X(d)(k), an element £ € Md(fc) ac ts on ^ by £ * V'(w) = V>(£ ■ u). 



30 



JOHANNES NICAISE AND JULIEN SEBAG 



9.2. The local singular series and the Gelfand-Leray form. Let k be a field 
of characteristic zero, let X be a smooth irreducible variety over k, of dimension 
to, and let / : X — > Aj. = Specfc[i] be a dominant morphism, smooth on the 
complement of the special fiber X s of / in X. Denote by X the t-adic completion 
of X, and by X v its generic fiber. Let ui be a gauge form on X. The Koszul complex 
associated to df is exact on V := X \ X s , and in particular 

Qy~ 2 -^-> r!™- 1 -^-> ► o 

is an exact sequence of sheaves on V. This means that we can choose, for each 
point y in V, an element a y in (fly~ 1 )y, such that (df) y A a y = uj y . Since the a y 
are unique up to a term df A * , they glue together to a well-defined global section 

This relative differential form induces a gauge form ^ on X,,. 
Definition 9.5. We call 

the Gelfand-Leray form of to w.r.t. f. 

Lemma 9.6. Let h : X' — > X be an embedded resolution of singularities for 
the morphism f , with X' s — ^2 ieI NiEi and relative canonical divisor K x > /x = 

T.ieii^i _ l ) E i- Then 

ord Et h*( — ) = Vi - Ni 
df 

for any i G I . 

Proof. The pullback h* (u> / df) coincides with the Gelfand-Leray form associated to 
h*(uj) and f o h, since for any differential form a on X, we have 

h*a A d(f oh) = h*a A h*df = h*(a A df). 

Choosing local coordinates (x\, . . . ,x m ) and (x[, . . . ,x' m ) on X, resp. X' ', we 
may assume that f oh — u(x[ ) * , with u a unit, and that the Jacobian of h is given 
by Jach — u 1 '{x\) Ui , for some unit u' . This means that the pullback h*ui is given 
by (xiY 1 " 1 times a gauge form on X' . Passing to an etale cover of X', we may 
assume that u = 1, by Lemma WM In this case, h*cu/d(foh) equals (x' 1 Y i ~ Ni times 
a nowhere vanishing relative form on X' / R, hence ord^ (h*u>/d(foh)) = v^—N^. □ 

Corollary 9.7. We have, for any d > 0, 

\ 

^2 i,w*->>i) = ai 



F(X,-;d)=h-( m -^ (L-l) 1 ' 71 " 1 ^] 

1 0#JC/ 



t,>i,.ej 



A" j 



In particular, the right hand side does not depend on the choice of lu. 
If d is not X' s -linear, then the above expression reduces to 

F(X, i£; d) = L-( m -^ V [£?] fd-dui/Ni g ^ 

Proof. This follows immediately from Theorem 17.61 □ 
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Definition 9.8. We define the local singular series associated to f by 

F(f;d) :=F(X,j-d) 
where uj is any gauge form on X . 

Remark. For this definition, it is not necessary that X admits a global gauge form 
u>. See Remark [51 □ 

9.3. Comparison to the motivic zeta function. Let fc be a field of charac- 
teristic zero, let X be a smooth irreducible /c-variety of dimension m, and let 
/ : X — > K\ = Spec k[t] be a dominant morphism. 

As in [221 P-l]> we denote, for any integer d > 0, by £d(X) the fc-scheme repre- 
senting the functor 

(k - algebras) (Sets) : A i-> Hom k (Spec A[u]/(u d+1 ),X) 

Following [23J 3.2], we denote by X d \ the X s -variety 

X dA = {rp e C d (X) | f(^(u)) = u d modu d+l ] 

where the structural morphism X d ,\ — > X s is given by reduction modulo u. In |231 
3.2.1], the motivic zeta function Z(T) of / is defined as 



Z(T) = Y,lXd,i%- md T d S Mx.[[T\] 



d=l 

Actually, the coefficients live in a more refined Grothendieck ring, as we will see in 
Section [Ol 

In loc. cit., Denef and Loeser show that Z(T) is rational over Mx s , and they 
give an explicit expression in terms of an embedded resolution of / (see also Section 
El. 



Lemma 9.9. Let X be a smooth irreducible variety over k of dimension m, let 
f : X — > A^, be a dominant morphism, and let uj be a gauge form on X . We have 

F(X,^:d)=^ d +^ m -^[X dA ] 
in Mx 3 , for each integer d > 0. 

Proof. Take an embedded resolution X' — > X for /, such that d is not A^-linear, 
and combine Corollary 19 . 71 with the computation in [21], Theorem 2.4. □ 

Theorem 9.10. Let X be a smooth irreducible variety over k of dimension m, let 
f : X — > Ajf. be a dominant morphism, and let uj be any gauge form on X . We have 

S{X, T) = L-^-^ZflLT) e M Xs [[T]] 



Proof. This follows immediately from Lemma 19.91 □ 

Hence, we recover the motivic zeta function as a Mellin transform of the local 
singular series associated to /. Our trace formula yields the following cohomological 
interpretation of the motivic zeta function. 



:S2 
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Theorem 9.11. Suppose that k is algebraically closed. Let Z be a subvariety of 
X s , proper over k, and denote by Xd,i,z the fiber of Xd.i — > X s over Z . Let ip 
be a topological generator of the geometric monodromy group G(K S / K). For any 
integer d > 0, 

Xto P {Xdxz) =Tr{^ d \H{]Z[)) ■ 



Proof. This is an immediate consequence of Lemma 19.91 and the trace formula 
Theorem 15.41 □ 



We recover the main result of Denef and Loeser's paper [24] . 

Corollary 9.12 ([21], Theorem 1.1). If k = C, we get, for each complex point x 
on X s , and each d > 0, 

Xtop{Xdx, x ) = Tr{M d | H smg (F x X)) , 

where F x is the canonical topological Milnor fiber of f at x, and M is the monodromy 
transformation. 

Proof. This follows from the comparison result in Theorem 19.21 and from Theorem 
iJl] above. □ 

9.4. The motivic Milnor fiber. We recall Denef and Loeser's definition of the 
motivic Milnor fiber [231 3-5]- Let k be an algebraically closed field of characteristic 
zero, let X be a smooth irreducible fc-variety of dimension m, and let / : X — > 
Aj. = Specfc[t] be a dominant morphism. We denote the hypersurface defined by / 
in X by X s . 

Let fi be the inverse limit of the groups (Ad{k) of <i-th roots of unity in k. Let S 
be a variety over k. By a good /i-action on an algebraic variety Z over 5*, we mean 
an action of \x on Z , equi variant w.r.t. the structure morphism Z — > S (where S 
carries the trivial action), that factors through some /id, and such that each orbit is 
contained in an affine open subscheme of Z. The relative equivariant Grothendieck 
ring K^iVars) of ^-varieties with good /^-action is defined in [23j 2.4]. 

For each d > 0, the X s -variety Xd.i carries a good /x-action, defined as follows: 
if £ is an element of fJ.d(k), and ip{u) is an element of Xd,i, then £ * tp = ip(t; ■ u). 
Denef and Loeser define the equivariant motivic zeta function as 



l (T) = Y} x as]^- md T d e Kg(Var Xs 
d=i 



They show it is rational over = Kq (Varx^^x 1 ], where hx e denotes the 

class of the affine line over X s , with trivial /i-action. 

In fact, they obtain an explicit formula in terms of an embedded resolution of 
singularities for / onl. Let h : X' — » X be an embedded resolution for /, with 
X' s = J2iei N{Ei, and with relative canonical divisor Kx*\x — Sie/C^i — l)-^t- F° r 
any non-empty subset J of /, the cover Ej/Ej (defined in Section [4]) is Galois with 
group fi mj (k). 

By [23], Theorem 3.3.1, we have 

Z mon (T)= ]T (L - l)' J l- l [£}] I] t _ L _, iTjVi in M Xs [[T]}. 
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Inspired by the p-adic case [20] , Denef and Loeser defined the motivic nearby cycles 
S f by taking formally the limit of -Z mon (T) for T -> oo, i.e. 

S f = £ (l-LjI^KlG^, 

This terminology is justified by the fact that, when k = C, for each closed point 
x of X s , the mixed Hodge structure of the fiber Sf yX € J\4% of Sf over x coincides 
with the mixed Hodge structure of the Milnor fiber of / at x (in an appropriate 
Grothendieck group of mixed Hodge structures), and the /x-action corresponds to 
the semi-simple part of the monodromy action [2TJ 4.2]. Denef and Loeser called 
Sf lX the motivic Milnor fiber of / at x. 

Theorem 9.13. Denoting the t-adic completion of X by X, we have 

S(X; K s ) = h-^-^Sf E M Xs 
For any closed point x on X s , we have 

S X (X; K~ s ) = L~ (m_1) «S/, x e M x 

Proof. This follows from Theorem 19. 101 □ 

Hence, we recover Denef and Loeser's motivic nearby cycles as the motivic vol- 
ume of the rigid "nearby fiber" X n , and in some sense, we recover the motivic 
Milnor fiber Sf >x as the motivic volume of the analytic Milnor fiber T x . 
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